By associating a 'motivic integral' to every complex projective variety X with at worst canonical, Gorenstein singularities, Kontsevich [13] proved that, when there exists a crepant resolution of singularities ρ : Y → X, the Hodge numbers of Y do not depend upon the choice of the resolution.
Introduction
String theory is the motivation behind the 'Mirror Symmetry Conjecture' which states that there exist mirror pairs of Calabi-Yau varieties with 'certain compatibilities'. For instance, if (X, X * ) is a smooth, projective mirror pair of dimension n, then we expect the relation h p,q (X) = h n−p,q (X * ) (1) to hold between their Hodge numbers. Mirror pairs are not smooth in general and the compatibility relation (1) can fail to hold if either X or its mirror have singularities. In this case, string theory led to the following revised compatibility relation: if there exist crepant resolutions Y → X and Y * → X * then we expect the relation
to hold between the Hodge numbers of the smooth varieties Y and Y * . A resolution ρ : Y → X is said to be crepant if K Y = ρ * X.
However, it is not obvious that the revised relation (2) is well defined; if a crepant resolution exists it is not necessarily unique. In particular, given two crepant resolutions Y 1 → X and Y 2 → X, it is not clear a priori that the Hodge numbers of Y 1 and Y 2 are equal.
Nevertheless, the consistency of string theory led Batyrev and Dais [4] to conjecture that, when X has only mild Gorenstein singularities, the Hodge numbers of Y 1 and Y 2 are equal. In a subsequent paper [2] , Batyrev used methods of p-adic integration to prove that the Betti numbers of Y 1 and Y 2 are equal. Kontsevich [13] later proved that the Hodge numbers are equal by introducing the notion of motivic integration.
We now review the content of the article. In Section 1 we construct the motivic integral of a complex algebraic variety X with at worst canonical, Gorenstein singularities. In Section 2 we show how the motivic integral of X encodes Hodge-Deligne numbers of a resolution and, as an application, we reproduce Kontsevich's proof of the result described above. To gain a greater feel for the mathematics underlying this magic we then calculate the motivic integral of several terminal, Gorenstein cyclic quotient singularities; this leads naturally to a discussion of the McKay correspondence. In Section 3 we consider the motivic nature of the integral by generalising much of the work from Section 2.
The key references for this article are the papers of Denef and Loeser [7, 8] and the appendix to Batyrev's paper [1] .
1 Construction of the motivic integral 1 . 1 The space of formal arcs of a complex manifold Definition 1.1 Let Y be a complex manifold of dimension n, and y ∈ Y a point. A k-jet over y is a morphism γ y : Spec C[z]/ z k+1 −→ Y with γ y (Spec C) = y.
Once local co-ordinates are chosen the space of k-jets over y can be viewed as the space of n-tuples of polynomials of degree k whose constant terms are zero. Let J k (Y ) denote the bundle over Y whose fibre over y ∈ Y is the space of k-jets over y. A formal arc over y is a morphism
Once local co-ordinates are chosen the space of formal arcs over y can be viewed as the space of n-tuples of power series whose constant terms are zero. Let π 0 : J ∞ (Y ) → Y denote the bundle whose fibre over y ∈ Y is the space of formal arcs over y.
Recall that a subset of a variety is constructible if it is a finite, disjoint union of (Zariski) locally closed subvarieties.
It is clear that the collection of cylinder sets forms an algebra of sets (see [19] , p10); that is, J ∞ (Y ) = π −1 0 (Y ) is a cylinder set, as are finite unions and complements (and hence finite intersections) of cylinder sets.
1.2
The function F D associated to an effective divisor Definition 1.3 Let D be an effective divisor on Y , y ∈ Y a point, and g a local defining equation for D on a neighbourhood U of y. For an arc γ u over a point u ∈ U, the intersection number γ u · D is defined to be the order of vanishing of the formal power series g(γ u (z)) at z = 0. The function
Our ultimate goal is to integrate the function F D over J ∞ (Y ), so we must understand the nature of the level set F −1
With this goal in mind, we introduce a partition of F 
These subvarieties stratify Y and define a partition of the space of arcs into cylinder sets:
For any s ∈ Z ≥0 and J ⊆ {1, . . . , r}, define
It now follows from (3) that
As a result we produce a finite partition of the level set Recall (see [12] , p25) that a divisor D = 
to be empty, and hence a cylinder set. We suppose therefore that J ⊂ {1, . . . , j y }, thus |J| ≤ n holds by (5) .
The key observation is that when we regard each arc γ u as an n-tuple (p 1 (z), . . . , p n (z)) of formal power series with zero constant term, each condition F D i (γ u ) = m i is equivalent to a condition on the truncation of the power series p i (z) to degree m i . Indeed, since D i is cut out by z i = 0 on U, it follows that produces n − |J| polynomials of degree t with zero constant term, and, for each j ∈ J, a polynomial of the form
The set (U ∩ D
..,mr is a cylinder set. This completes the proof of the proposition.
2
It is worth noting that
is not a cylinder set. Indeed, suppose otherwise, so there exists a constructible subset
is an n-tuple of power series, at least one of which is identically zero, whereas each γ y ∈ π
an n-tuple of power series whose terms of degree higher than k may take any complex value; clearly this is absurd.
is a countable intersection of cylinder sets.
Proof. Observe that
because a power series is identically zero if and only if its truncation to degree k is the zero polynomial, for all k ∈ Z ≥0 . It is easy to see that the sets
A measure µ on the space of formal arcs
In this section we define a measure µ on J ∞ (Y ) with respect to which the function F D is measurable. The measure is not real-valued, so we begin this section by constructing the ring in which µ takes values.
Definition 1.7 Let V C denote the category of complex algebraic varieties. The Grothendieck group of V C is the free Abelian group on the isomorphism classes [V ] of complex algebraic varieties modulo the subgroup generated by elements of the form
, and the resulting ring, denoted by K 0 (V C ), is called the Grothendieck ring of complex algebraic varieties. Let
denote the natural map sending V to its class [V ] in the Grothendieck ring. This map is universal with respect to maps which are additive on disjoint unions of constructible subsets, and which respect products.
For example, if 1 and L denote the class of a point and the class of C respectively 2 . Then
Also, for a fibration f : T → B which is locally trivial in the Zariski topology, additivity of the map [ ] applied to the local trivialisations
We are now in a position to introduce a function µ with values in the ring
] which assigns a 'measure' to each cylinder set.
is defined by
Using the fact that the map [ ] introduced in Definition 1.7 is additive on disjoint unions of constructible sets, it is straightforward to show that µ is a finitely additive function, by which we mean that
For this reason we call µ a finitely additive measure. 2 We consider the motivic nature of the integral in Section 3. The class of C corresponds to the Tate motive L. Proposition 1.5 states that for s ∈ Z ≥0 , the level set F −1 D (s) is a cylinder set, and is therefore µ-measurable. However, the function F D is not itself µ-measurable because the level set F −1 D (∞) is not cylinder. In order to proceed then, we extend µ to a measure µ with respect to which F −1 D (∞) is measurable. The following discussion is intended to motivate the definition of µ (see Definition 1.11 to follow). (8) to see this, take complements in equation (7) of Proposition 1.6. Our goal is to extend µ to a measure µ defined on the collection of countable disjoint unions of cylinder sets so that the set
However, countable sums are not defined in the ring
. Furthermore, given a countable disjoint union C = i∈N C i , it is not clear a priori that µ(C) defined by formula (9) is independent of the choice of the C i .
Kontsevich [13] solved both of these problems at once by completing the
, thereby allowing appropriate countable sums, in such a way that the measure of the set C = i∈N C i is independent of the choice of the C i , assuming that µ(C i ) → 0 as i → ∞. Definition 1.10 Let R denote the completion of the ring
By composing our finitely additive measure µ with the natural completion map φ, we produce a finitely additive measure with values in the ring R, namely
which we also denote by µ. Given a sequence of cylinder sets {C i } one may now ask whether or not µ(C i ) → 0 as i → ∞. We are finally in a position to define the measure µ on the space of formal arcs.
It is nontrivial to show (see [8] 
) which, by the nature of the topology on R, tends to zero as k tends to infinity. This completes the proof of the first statement. Using equation (8) we calculate
Proof. It is enough to prove the result for a prime divisor D, since F −1 (p 1 (z) , . . . , p n (z)) of power series over y ∈ U ∩ D such that p 1 (z) is identically zero. Truncating these power series to degree k leaves n − 1 polynomials of degree k with zero constant term, and the zero polynomial π k (p 1 (z) ). The space of all such polynomials is isomorphic to 
Since the set F 
Proof. Composition defines maps α t :
∪∞. An arc in Y which is not contained in the locus of indeterminacy of α −1 has a birational transform as an arc in Y ′ . In light of (3) and Proposition 1.12, α ∞ is bijective off a subset of measure zero.
The sets F −1
W (∞). Thus, for any s ∈ Z ≥0 we have, modulo the set F −1 W (∞) of measure zero, a partition
The set C k,s is cylinder and, since the image of a constructible set is constructible ( [14] , p72), the set α ∞ (C k,s ) is cylinder. Lemma 1.16 below states that µ C k,s = µ α ∞ (C k,s ) · L k . We use this identity and the partition (11) to calculate the motivic integral:
. Substituting this into the above leaves
Discussion of the Proof Both C k,s and α ∞ (C k,s ) are cylinder sets, so there exists t ∈ Z ≥0 and constructible sets B ′ t and B t in J ∞ (Y ′ ) and J ∞ (Y ) respectively, such that the following diagram commutes.
We claim that the restriction of α t to B ′ t is a C k -bundle over B t . If this is the case then [B
as required. The proof of the claim is a local calculation which is carried out in [8] , Lemma 3.4(b). The key observation is that the order of vanishing of the Jacobian determinant of α at an arc
We must show that the motivic integral converges in R. In doing so, we establish a user-friendly formula for the motivic integral of the pair (Y, D). 
Warning: In [1] there is a small error in the proof of the analogous result (Theorem 6.28) which leads to the omission of the L −n term.
Proof of Theorem 1.17. In the proof of Proposition 1.5 we cover Y by sets U and prove that i=1,..
is a cylinder set of the form
Since the map [ ] is additive on disjoint unions of constructible subsets, take the union over the sets U to see that i=1,..
where
Since µ π
Now use the partition (4) of F −1
D (s) to compute the motivic integral.
The motivic integral of the pair (Y, D) is an element of the subring
The motivic integral of mildly singular varieties
For a complex algebraic variety X, let ρ : Y → X be a resolution of singularities for which the discrepancy divisor D := K Y − ρ * K X has simple normal crossings. If the singularities of X are at worst canonical, Gorenstein singularities then D is effective. Proof. Form a 'Hironaka hut'
The maps α i : Y 0 −→ Y i are proper birational morphisms between smooth projective varieties so the change of variables formula from Proposition 1.15 applies:
This proves the result. 
are Hodge-Deligne numbers (see [5] ). The degree of E(X) is twice the dimension of X.
The map E : V C −→ Z[u, v] which associates to each complex variety X its E-polynomial is additive on disjoint unions of constructible subsets, and satisfies E(X ×Y ) = E(X)·E(Y ). It follows from the universality of the map [ ] introduced in Definition 1.7 that E factors through the Grothendieck ring of algebraic varieties, inducing a function E :
we can extend this to a function 3 .
Proposition 2.2
The map E can be extended uniquely to the subring
Proof. The kernel of the completion map φ :
for every m ∈ Z must therefore be −∞; that is, E(Z) = 0. Thus E annihilates ker(φ) and hence factors through
By Corollary 1.18 the motivic integral of the pair (Y, D) lies in the subring of Proposition 2.2. This leads to the following definition. Definition 2.3 Let X denote a complex algebraic variety of dimension n with at worst canonical, Gorenstein singularities. The stringy E-function of X is
where ρ : Y → X is any resolution of singularities for which the discrepancy divisor D = a i D i has only simple normal crossings.
As we remarked following the statement of Theorem 1.17, Batyrev's definition (see [1] ) of the stringy E-function differs from ours by the multiple
Kontsevich's theorem on Hodge numbers
Theorem 2.4 Let X be a complex projective variety with at worst canonical, Gorenstein singularities. If X admits a crepant resolution ρ : Y → X then the Hodge numbers of Y are independent of the choice of the resolution.
Proof. The discrepancy divisor D = r i=1 a i D i of the crepant resolution ρ : Y → X is by definition zero, so the motivic integral of X is defined to be the motivic integral of the pair (Y, 0). Since each a i = 0 it's clear that
This is well defined, independent of the choice of the resolution. In particular, if
. It remains to note that the E-polynomial of Y determines the HodgeDeligne numbers of Y , and hence the Hodge numbers since Y is smooth and projective. 2
Examples: Gorenstein quotient singularities
To gain a greater feel for the motivic integral we calculate E st (X) for several varieties X with at worst canonical, Gorenstein singularities.
Example 1: 2-and 3-dimensional Gorenstein quotient singularities
The quotient of C 2 by a finite group G ⊂ GL(n, C) for n = 2 or 3 is Gorenstein if and only if G ⊂ SL(n, C) (see [21] ). It is well known (see [18] ) that all 2-or 3-dimensional Gorenstein quotient singularities admit crepant resolutions Y → X. Thus E st (C 2 /G) = E(Y ) · (uv) −n , so the stringy E-function is already well understood.
To perform nontrivial calculations of the stringy E-function, we must consider varieties which do not admit a crepant resolution. A nice family of examples is provided by terminal, Gorenstein cyclic quotient singularities.
Definition 2.5
The cyclic quotient singularity X of type 1 r (α 1 , . . . , α n ) is the geometric quotient X := C n /G, where the generator of the group G := Z/r acts on C n as ξ · (z 1 , . . . , z n ) = (ξ α 1 z 1 , . . . , ξ αn z n ), for ξ a primitive r th root of unity. Assume that gcd(α i , r) = 1 for each i = 1 . . . , r to ensure that X has an isolated singularity at the origin. Furthermore (see Reid [16, 17] 
2. X has a terminal singularity iff i (kα i mod r) > r for k = 1, . . . r −1.
The toric resolution ρ : Y → X produces a single exceptional divisor D 1 = P 3 with discrepancy 1. By counting cells in the fan defining Y we compute the Hodge numbers of the strata (see [9] , p104), and hence calculate
Compare this with the stringy E-function:
Example 3: X = 
2 + 2uv + 1. The following calculations are now straightforward:
• E(D
•
and sum, to compute
Example 4: X = 1 r
(1, 1, 1, . . . , 1) where dim X = kr
We require that r divides dim X = n to ensure that X is Gorenstein. The toric resolution ρ : Y → X produces one exceptional divisor
Compare this with the stringy E-function
Example 5: X = • E(D • E(D {1,2} ) = (uv) 4 + 2(uv) 3 + 3(uv) 2 + 2uv + 1. We now play the same game as we did in Section 2.1. Namely, M factors through K 0 (V C ) inducing
we produce a map
At present it is unknown whether or not M annihilates the kernel of the natural completion map φ :
Denef and Loeser conjecture that it does (see Remark 1.2.3 in [7] ). If this is true, we extend M to a ring homomorphism
The image of [D 
M(D
• J ) · j∈J L − 1 L a j +1 − 1 · L −n .
